Partial Derivatives in Economics

Name Major Student ID
o Just as derivatives describe “marginal” cost for single variable cost functions, partial deriva-
tives of production functions can describe marginal product of different inputs.

o For example, the output quantity () may depend on labor L and capital K which is
denoted as @ = F(L,K). The marginal product of labor (MPL) is the change in
output due to an additional unit of labor which is AQ = F(L* + 1, K*) — F'(L*, K*).

o If the input is divisible, we can let it be as small as we want, then the marginal product of
labor is defined as the limit of the ratio of change in output and change in labor which is
i AQ F(L*+AL,K*) - F(L*,K*) OF
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« In the same way, we define the marginal product of capital (MPK) as the partial
derivative of the production function with respect to K.

1. Consider the Cobb-Douglas production function @ = F(L, K) = 3LiK3.

(a) What is the output @ when L = 125 and K = 10007 Compute the marginal product
of labor and marginal product of capltal at (L, K) = (125,1000).

Fc125, 1oo0) = 3(2‘5)?’(&00) 7 = 1600,
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(b) Use linear approximation to estimate the production @ when L = 128 and K = 998.

Then compute F'(128,998) with a calculator.
The 13ar apprxiusizon 6f F b (125,le0) &5
F (125, to00) + E[lz‘;, fooo) (L-125) + FKUZ‘S,[ooo) (k-lo00 )
= (Goo + ¢ (L-125) + (k-looo ), Haug Fc128,998 )= 1500 + ¥ x3+(-2)=1510

wo({-‘,,ama‘(m givey the answey F(128,448) = (509. 885714 ...
F(L,K) F(L,K)
7 .

2. The average product of labor is , and the average product of capital is

(a) Find all production functions such that MPL is proportion to the average product of

oOF F(L,K)

labor i.e. — = af, for some constant ay > 0.
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(b) For constants oy, ax > 0, consider production functions satisfying the properties:
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i. Zero output when one lacks any of the inputs: F'=0if L =0 or K = 0.
oF F(L,K)

ii. MPL is proportion to the average product of labor: i = qap, 7
oF F(L,K

iii. MPK is proportion to the average product of capital: K = ax ( K” )

ALt K*x A = constant,

Show that the Cobb-Douglas production function F/(L, K') =

is the only function that satisfies these properties.
If we further require F(AL,AK) = AF(L, K) for all A > 0 (in this case, F' is said to

have constant returns to scale), what is oy, + ag?

From f20a), we kvow that <7) E'mpk‘zs that Fil, k)= 75 90k) , whee JOk) es
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For a production function, the Marginal Rate of Substitution (MRS) of its inputs is the
ratio of marginal products. Specifically, for production function F(L, K') the MRS between labor

MPL I3
L and capital K is MRSk = VUPK where M PL = 9L and MPK = K

1. Consider the level curve (indifference curve) F(L,K) = (. Compute the slope of its

tangent line, Vi in terms of M RSy k. What is the economic meaning of this slope?
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81ven F L,K)=L3K3, compute MRSy at (L, K) = (125,1000). Find the tangent hne
of level curve F(L, K) = 500 at (L, K') = (125,1000) and determine concavity of the level
2 2
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Method of Lagrange Multipliers in Economics

Name /:&?’ %@5‘5 Major Student ID
Consider the productio.n function ¢ = f(L, K), where L is the amount of labor used and K is the
amount of capital invested. Given that the unit cost of labor is P and the unit cost of capital
is Pk, the total cost of production is g(L, K) = Pr, - L + Px - K. A firm may want to maximize
production under fixed budget or minimize cost under fixed production.
To solve these optimization problems, we need the method of Lagrange multipliers.

1. Show that when the maximum production under fixed budget (or the minimum cost under
SR gt (LK) k(LK) .
fixed production) is obtained at (L*, M*), we have Iz = 2 . What is the
L K

economic interpretation of this equation?

Bj the method of Lagvange multeplcers | of the mastmunm produdfion undey -S:?xeé
budget ¢s obfamed ok k%, 3\-}‘( ¥, k¥)= A9 gLLt, K‘-’, whzdh means
* % ¥
thaf ‘F,_(,L'*, K¥)= aP, ) _‘FK(L*’ K*)= 2P Thus ‘&(L;‘if ) ___-FK’;L*,K ):}\.
This egudleon shows thal whew the exfvems valug {5 obtazmed ) g last d[:llav' used
v labor and capital qives the same marginal product .

2. Consider the Cobb-Douglas production function ¢ = f(L, K) = AL*K'~®, where A > 0,
0 < o < 1 are constants. Now the budget is fixed, P, - L + Px - K = I, where [ is a
constant.

(a) Find the maximum production g, in terms of I and a. Find the amount of labor and
capital (L*, K*) which gives the maximum production and the Lagrange multiplier
A* at the maximum point.

qmaa: Q'maz

. Find the relation between and the Lagrange multiplier A*.
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) Tf the macimom produclzon, owurs of (L%, K*), 1%, Kk -9,

(b) Compute
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3. Then suppose that the production is fixed, g = f(L, K) = AL*K'~ where g is a constant.

(a) Find the minimum cost I,,;, in terms of § and «.

(b) For fixed «, find the relation between @q.(I) (from problem 2) and I,,;,(q) (from
this problem]%_(,_ Hag MenimUma Cos_& OCLUy-S ok CL.*} }/—*) L K~ >0
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4. Consider the production function ¢ = f(L, K) = Lz + K. F1nd (L*, K*) that maximizes
q subject to the budget constraint PpL 4+ PxK = I, where P, Px > 0 are constants.

(a) If P < Py, will L* > K* or L* < K*? Tuin, (%w\x (T )) =I.

L*
(b) Show that —— remains the same no matter how the budget I varies, i.e. the preference

between labor and capital is invariant.
(¢) Consider a more general production function f(L, K) = L* + K, where o > 0 is a

L
constant. Will — remain the same no matter how [ varies ? -2 -
K+ FoL¥, k,*) :)\vfj

) ok M) = PoetPoek . (% k*) safesfas
L% Y3 —0

5 § zL*) = AP [ * L
SUFYZ o aPe —© @ UE*) = BPL'K
PLQ—*)*'PK(LC*)ZI_ “@ = J(«_%- _.(L )7'

%) P”<PK) L*’ = ( <) =) k¥*< L*

(b) For any constul T x_ (ﬂ ) r¢ Feved

%

3 (,L*) K*):I

L*
&) Suppese Hadk +eL )= | & + for Semg >0 . Thew
CLF) Kk*) Satsﬁgs To(ﬁ_*)d‘ "= AP, =) QL‘ )“"L P
L dl o (KkF)% = x P K¥2 7 P
( ) (s fond For a“j 1.



Applications in Probability II
Name Major Student ID

e Consider random variables X;,1 < ¢ < n that take values on real numbers. Suppose that
f(x1,29,...,2,) is an nonnegative function defined on R"™ such that

—/ flx, .. xy) day -+ - dxy, = 1.
Rn
— For any subset V' C R", the probability of (Xi,...,X,) €V is

P((X1,...,X,) €V) / /f X1y, Xy) dxy - - dxy,.

Then f(xq,...,x,) is called the joint probability density function (joint p.d.f.) of
Xy X,

» Suppose that each random variable X; has probability density function f;(x;). If the joint
p.df. f(xy,...,2,) = fi(xy) - fo(za) -+ fu(xy,), then we say that the random variables
Xq,..., X, are mutually independent.

o For mutually independent random variables X, ..., X,,, we are interested in the new ran-
dom variable Z = X; + X5 + - -+ + X,,. For example, we would like to derive the p.d.f. of
Z. Hence we need to find its distribution function, F'(z) = P(Z < z), and techniques of
multiple integrals and change of variables are required.

1. Suppose that random variables X, Y are independent with p.d.f. fx(z), fy (y) respectively.
Let Z=X+Y.

(a) Represent P(Z < z) as a double integral, / / fx(x)fy(y)dA. Draw the region S.

PlRez) = PlxsYez) o J{ icxmﬁ(c%) A, whe
S 9
S ts the reqion Jx,u) | xey £ 2% Eﬁﬁ?a’f*)

(b) Try the change of variables u = x 4+ y,v = x. Compute the Jacobian D, v)’

'a(.x)'ﬂ) Xu Xo¢ - |0 ]
P(Z < z2) as/a/c u,v) dvdu. gkj zu-U . acq’\,D Ejufju‘ - ‘_\i
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R=$ww) | uE3 . Henw P22 _chxbmc 9) dA
J%%gv)ﬂ((u )\atf‘dq\,)\ da =2 S ?Lv)éi (u~) SV du

Derive the p.d.f. of Z. Show that d—P(Z <z)= fX( ) fy(z —v) dv

_(A i} -
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(d) Show that diP(Z < z) = fx(z —v)fy(v) dv. (Hint: Try the substitution
u=z+yv=y) e Subi{dilinn UusXty, v2Y & xsgar, Y=V

X, -
. ’aa(:(_uzﬁu)\) | l l \._,l 5 Cﬁ\'"'eSPGMdS -to -t'['\Q Yeﬂ(,m R cn TI/LQ M\]\-p,am

:]_R_}g ¥ dz 3= Pl2s)= J ffxb‘)'ﬁ(“d) A= 3 g ‘Fx(u—v)ﬁ((\r) dA

S o
2. Examples with normal distributions: _F (2-\) ﬁ (e )Q\,U'd U

=2
(a) Suppose that fy(z) = \/%a e ;f, and fry) = \/ﬂa e Q_g Find the p.d.f. of
Z=X+Y. 1 i
By b 1 o o o the pAF. of Z2KY i3
vz (B

—

o _[goo*zsz'z'z, do
im WCX w)ﬁ (2-W) ¢V = 7766, W O %

The fuvther compalalion s on the nexd page .

22
(b) Suppose that fx,(z;) = 5 e 22, for 1 <i<mn,and Xq,..., X,, are mutually
o
independent. Find the p.d.f. of Z = X1 + Xo +--- + X,.

The Solufen s on g nadd page.

3. Suppose that for 1 <i <n, fx,(z;) = e " ifx; > 0and fx,(z;) =0ifz; < 0,and Xy,... X,
are mutually independent. Find the p.d.f. of Zo = X; + Xsand Z,, = X1+ --- + X,,.

The pdf. of Z, s ]C (%):J -F W‘)‘F {29 Jdv
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The pdf. of Zy= XAXEX3= 26Xy 8
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Thes weans thal Z=X.+X, <5 still o hermally dzstribated
vayiable, with C’(Peo'ted value M= 0 and Standavd
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